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Abstract

We investigate fast algorithms for changing between the

standard basis and an orthogonal basis of idempotents for

Möbius algebras of finite lattices. We show that every lattice

with v elements, n of which are nonzero and join-irreducible

(or, by a dual result, nonzero and meet-irreducible), has

arithmetic circuits of size O(vn) for computing the zeta

transform and its inverse, thus enabling fast multiplication

in the Möbius algebra. Furthermore, the circuit construction

in fact gives optimal (up to constants) circuits for a number

of lattices of combinatorial and algebraic relevance, such

as the lattice of subsets of a finite set, the lattice of set

partitions of a finite set, the lattice of vector subspaces of a

finite vector space, and the lattice of positive divisors of a

positive integer.

1 Introduction.

A significant number of computational applications have
been found for algebras derived from a multiplicative
base structure such as a group or a semigroup. For
example, the group algebra of a finite Abelian group,
together with a fast algorithm for transforming be-
tween the elementary basis and a basis of orthogonal
idempotents (that is, a fast Fourier transform (FFT)
[8, 22, 24, 32]), underlies modern signal processing and
applications in theoretical computer science, including
recent advances in parameterized algorithms [18, 31].
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Given the successes in the setting of group alge-
bras, it is warranted to ask about algorithmic aspects
of semigroup algebras. In this setting even the math-
ematical representation theory is still being developed
(see [23, 29, 30]), and hence a potentially fruitful object
of study from the perspective of algorithmics, in partic-
ular with an aim for specific applications. For example,
currently the fastest known algorithm for graph coloring
[4] is based on the semigroup algebra induced by the set
union operation on the lattice of subsets of an n-element
set. Again the key catalyst is a fast algorithm for trans-
forming between bases, namely Yates’s algorithm [32],
to enable fast algebra multiplication. Another impor-
tant application domain arises in the study of Markov
chains on finite semigroups, where the semigroup alge-
bra can be used to obtain bounds on the rate of conver-
gence towards the stationary distribution. A beautiful
example in this setting is the hyperplane chamber walk
[1, 6] and its generalization to left-regular bands [5],
where the random walk on chambers can be analyzed
through the semigroup algebra of an associated lattice
of supports (cf. [5, §3]).

These applications suggest a study aimed specifi-
cally at a subfamily of semigroup algebras, namely the
Möbius algebras of finite lattices. In more precise terms,
for a field K and a finite lattice (L,≤), the Möbius alge-
bra K[L] is the vector space over K consisting of formal
linear combinations of elements of L, and with multi-
plication of basis vectors a, b ∈ L given by the lattice
join a ∨ b and extended by linearity. Put otherwise,
K[L] is the semigroup algebra over K given by the join
operation in L.

The algebra K[L] is isomorphic to the direct prod-
uct K |L|, whose elements we can view as formal linear
combinations of the basis vectors â for a ∈ L with point-
wise multiplication induced by ââ = â and âb̂ = 0 for
a 6= b. An algebra isomorphism from K[L] to K |L| is
the zeta transform ζ : K[L]→ K |L| given by

(1.1)
∑
a∈L

αaa 7→
∑
a∈L

(∑
b≤a

αb

)
â

and its inverse, the Möbius transform µ : K |L| → K[L],



given by

(1.2)
∑
a∈L

γaâ 7→
∑
a∈L

(∑
b≤a

µ(b, a)γb

)
a

where µ(b, a) is the Möbius function of L. An immediate
consequence is that two vectors x, y ∈ K[L] may be
multiplied in K[L] by the formula

(1.3) x ∨ y = ((xζ)(yζ))µ ,

that is, by taking the zeta transforms of x and y,
multiplying the transformed vectors pointwise, and
taking the Möbius transform of the product. (See, for
example, [28, §3.9] for a detailed derivation.)

From the perspective of fast algorithms, the multi-
plication formula (1.3) is analogous to, for example, the
formula for multiplying polynomials via the fast Fourier
transform. In our case, however, it is not immediate
which lattices L admit a fast zeta transform and a fast
Möbius transform in terms of the number of arithmetic
operations in K required; that is, we are interested in
finding small arithmetic circuits (see §1.1) that evaluate
the transforms.

There are two natural ways to parameterize this
quest for fast transforms. First, we observe that (1.1)
and (1.2) essentially constitute multiplying a given v-
element vector with a fixed v× v matrix determined by
the lattice L, where |L| = v. Thus, we can measure
the efficiency of evaluation for a family of lattices as
a function of v, where a natural lower bound is Ω(v),
the number of input and output gates required. For
example, Yates’s algorithm [32] gives us an arithmetic
circuit of size Θ(v log v) for computing both (1.1) and
(1.2) when L is the lattice of subsets of an n-element set,
v = 2n. A second, slightly more technical, objective is as
follows. Consider the partial order relation ≤ of L. To
evaluate the value at a ∈ L, the zeta transform requires
us to sum the values at each b ≤ a. Of course, this
summation need not be carried out explicitly at each
a. In particular, one would rather use an intermediate
value stored at some c with b < c < a, to account
for b at a. This suggests that one should measure the
size of the circuit as a function of the number e(L) of
covering pairs (a, c) in ≤, where a ∈ L covers c ∈ L
if c < a and there exists no b ∈ L with c < b < a.
For example, a v-element chain has e = v − 1 covering
pairs, and the lattice of subsets of an n-element set has
e =

∑
i i
(
n
i

)
= 2n−1n covering pairs. In particular,

Yates’s algorithm establishes that there is an arithmetic
circuit of size Θ(e) for computing both (1.1) and (1.2)
for the subset lattice. It should also be noted that v(L)
is the number of vertices and e(L) is the number of edges
in a Hasse diagram of L.

In terms of the parameter v, ideally we would like
to show that all lattices L of size v have circuits of size,
say, O(v polylog v), for their zeta and Möbius tranforms.
However, this is not the case, because one can recover
a lattice (up to isomorphism) from its zeta or Möbius
circuit, and there are more lattices than there are small

circuits. Indeed, there are 2Θ(v3/2) distinct lattices
of size v [15, 16] but only 2O(N log N) bounded fan-
in circuits with at most N gates, implying that most
lattices of size v have circuits of size Ω(v3/2/ log v). In
terms of the parameter e, Kennes [14, §V] has shown
a lower bound Ω(e) for the size of zeta circuits for all
lattices L with e covering pairs. Thus, a circuit of size
O(e) is optimal up to constants and low-order terms.
For example, the circuit given by Yates’s algorithm for
the subset lattice is thus optimal. Consequently, it
would appear natural to set as our objective to obtain
circuits of size O(e) for zeta transforms.

1.1 Main result. In this paper we give a novel
circuit construction for the zeta transform and the
Möbius transform on an arbitrary finite lattice (L,≤).
The size of the circuit is bounded by two parameters,
v(L), the number of elements in the lattice, and n(L),
the number of nonzero elements that cannot be reduced
to a join of two strictly lesser elements. Formally, an
element a ∈ L is join-irreducible if for all b, c ∈ L it
holds that a = b ∨ c implies b = a or c = a. The
zero element of a finite lattice is the unique minimum
element.

To state our main result we require a precise def-
inition for arithmetic circuits. An arithmetic circuit is
a directed acyclic graph where the vertices of indegree
0 are called input gates. Each vertex that is not an in-
put gate is called an arithmetic gate and is labeled with
exactly one of + or −. The gates labeled with + have
indegree 2, the gates labeled with − have indegree 1.
The output of the circuit obtained from one or more
designated output gates, each of which may be either an
input gate or an arithmetic gate. The size |C| of C is
the number of vertices in C.

Theorem 1.1. For every lattice L with v elements, n
of which are nonzero and join-irreducible, there exist
arithmetic circuits of size O(vn) for both the zeta trans-
form on L and the Möbius transform on L.

This result holds also for the dual zeta transform,
where b ≤ a is replaced with b ≥ a in (1.1), and the cor-
responding dual Möbius transform. Here it should be
emphasized that the dual case is nontrivial because the
bound still considers join-irreducible elements. Equiv-
alently, we can replace “join-irreducible” with “meet-
irreducible” in Theorem 1.1 and still consider (1.1).



Our strategy for constructing the circuits is to
embed the lattice L with n nonzero join-irreducibles into
the lattice (2[n],⊆) of all subsets of [n] = {1, 2, . . . , n}.
(This embedding is standard and will be reviewed in
§2.) The embedding reduces the study of lattices to the
study of set families L ⊆ 2[n] that are intersection-closed
(or, dually, union-closed). We say that L is intersection-
closed if [n] ∈ L and for all A,B ∈ L it holds that
A∩B ∈ L. Similarly, L is union-closed if ∅ ∈ L and for
all A,B ∈ L it holds that A ∪B ∈ L.

With the embedding, our main result is a corollary
of the following technical result.

Theorem 1.2. Let L ⊆ 2[n] be a intersection-closed or
union-closed family of size v. Then, there exist arith-
metic circuits of size O(vn) for both the zeta transform
and the Möbius transform on (L,⊆).

Given the set family L as input, such circuits can
be constructed in time O(2nn); by time we refer to
the number of basic operations in the usual RAM
model. But we have not found a general way to
do the construction in time O(vn). Indeed, such a
general construction algorithm requires a fast algorithm
for computing the closure operator associated with an
arbitrary intersection-closed L (cf. §2). For specific L,
faster algorithms can be obtained; in particular, if L

is the embedding of a lattice L, then one can compute
closure via the join of L and then map back to L.

It turns out that the bound O(vn) is somewhat
conservative in many cases. Indeed, our construction
in fact gives optimal circuits – in the sense of meeting
the Ω(e) lower bound of Kennes [14, §V] – for many
lattices of practical relevance.

Theorem 1.3. Let L be a finite lattice such that a ∨ i
covers a for all a ∈ L and all join-irreducible i ∈ L
such that i 6≤ a. Then, there exist arithmetic circuits
of size O(e) for both the zeta transform and the Möbius
transform on L.

This result holds also in the dual case. Examples of
lattices meeting the requirement in Theorem 1.3 are, for
example, the lattice of subsets of a finite set, the lattice
of set partitions of a finite set, and the lattice of vector
subspaces of a finite vector space.

It should be noted, however, that the circuits
from our construction are not always optimal and do
depend on the details of the embedding of L to L.
Indeed, an extremal case occurs with the v-element
chain embedded as L = {[v−1]\[i] : 0 ≤ i ≤ v−1}, with
n = e = v − 1, for which the construction underlying
Theorem 1.2 gives a circuit of size Θ(n2) = Θ(v2) =
Θ(e2). On the other hand, the same chain embedded

as L = {[i] : 0 ≤ i ≤ v − 1} does yield a circuit of
size O(e). The latter embedding generalizes to direct
products of chains; in particular, we obtain circuits of
size O(e) for the lattice of positive divisors of a positive
integer. (However, we omit a proof of this fact because
such circuits can also be obtained by a less technical
generalization of Yates’s algorithm. See, for example,
Knuth [17, §4.6.4].)

We are currently not aware of a family of lattices
that would have an ω(e) lower bound for the size of
circuits required by the zeta or Möbius transforms.

1.2 Background and related work. We refer to
Birkhoff [2] and Grätzer [11] for lattice theory, and
Stanley [28] for associated enumerative aspects. The
modern study of Möbius functions and Möbius inversion
on partially ordered sets originates with Rota’s seminal
work [25]. The Möbius algebra of a poset was introduced
by Solomon [27] (but see also Davis [10] and Rota [26])
and systematized by Greene [12]. Greene’s survey on
Möbius functions [13] and the proceedings edited by
Crapo and Roulet [9] give further background.

The study of algorithmic aspects of Möbius inver-
sion and Möbius algebras has evolved along at least two
lines of study.

The first line of study concentrates on the subset
lattice and applications to specific computational prob-
lems, starting with Kennes [14], who used Yates’ algo-
rithm and the meet (intersection) product in the subset
lattice to speed up an implementation of the Dempster–
Shafer theory of evidence. Subsequently, Björklund et
al. discovered the applicability of the fast join (union)
product in the subset lattice to expedite algorithms for
partitioning problems such as graph coloring [4] and
other hard combinatorial problems with convolution-
like recurrences over the subset lattice [3]. Motivated
by applications in bounded-degree graphs, Björklund et
al. showed that any down-closed (subset-closed) fam-
ily L ⊆ 2[n] admits circuits of size O(|L|n) for the
zeta transform on (L,⊆) by trimming Yates’s algorithm.
Theorem 1.2 generalizes this result from down-closed
L to intersection-closed or union-closed L (indeed, any
down-closed L is trivially intersection-closed, whereas
intersection-closed families are a considerably more gen-
eral class of set families; cf. §2).

The second line of study is motivated by consid-
erations in algebraic algorithms, in particular by the
quest for generalizing FFTs from the setting of group
algebras [22, 24] to non-group semigroup algebras. In
this direction, the first breakthrough is due to Malandro
and Rockmore [19], who gave a semigroup-FFT for the
rook monoid Rn (the set of all partial permutations of
[n] under function composition), which is the semigroup



analog of the symmetric group. Subsequently, Malan-
dro [20] developed a general framework for semigroup-
FFTs for finite inverse semigroups (a semigroup S is
an inverse semigroup if for each x ∈ S there exists a
unique y ∈ S such that xyx = x and yxy = y) and ap-
plied the framework to Rn and its wreath products by
arbitrary finite groups. A key technical requirement of
Malandro’s framework is a fast (upward) zeta transform
on the poset structure of S, which requires in the worst
case one to deal with an arbitrary meet-semilattice [20,
p. 296]. Malandro [20] develops specific fast zeta trans-
forms on the poset structure of Rn and its wreath prod-
ucts by finite groups. In particular, Malandro gives an
O(|Rn| log3 |Rn|) FFT algorithm for Rn, which relies on
a fast zeta transform on the poset structure of Rn that
runs in O(|Rn|n3) time, followed by FFTs on symmet-
ric groups in time O(|Rn|n2), where n = O(log |Rn|).
The poset structure of Rn is obtained by representing
a partial bijection of [n] as a subset (partial matching)
of [n] × [n] and ordering by subset inclusion. In par-
ticular, Rn is a meet-semilattice with respect to set in-
tersection and hence a lattice after a formal maximum
element is introduced. Viewed as a lattice, the nonzero
join-irreducibles of Rn are the n2 singleton subsets of
[n] × [n]. Thus, the dual of our Theorem 1.1 gives
a circuit of size O(|Rn|n2) for the upward zeta trans-
form on Rn, which speeds up Malandro’s semigroup-
FFT on Rn to O(|Rn| log2 |Rn|) time. Since Rn is the
inverse semigroup analogue of the symmetric group Sn,
it is perhaps interesting to remark that currently the
fastest known FFT on Sn is due to Maslen [21] and
runs in time O(|Sn| log2 |Sn|), which improves upon an
O(|Sn| log3 |Sn|) algorithm of Baum and Clausen [7].
Ideally, for a family of finite groups G one would like
to obtain an O(|G| log |G|) FFT algorithm; we refer to
Rockmore [24] for a discussion.

2 Preliminaries.

All observations in this section are well known and pre-
sented here for convenience of exposition only. We refer
to Grätzer [11] for a recent comprehensive treatment of
lattice theory.

2.1 Embedding into the subset lattice. This sec-
tion reviews a well-known embedding of an arbitrary fi-
nite lattice (L,≤) to an intersection-closed family L ⊆
2[n] via the spectrum map; cf. [11, §II.1.2]. Recall that
L is intersection-closed if [n] ∈ L and for all A,B ∈ L

it holds that A ∩ B ∈ L. We write ∅ for the empty set
and 0 ∈ L for the minimum (or zero) element of L.

Suppose that the lattice L has exactly n elements
that are nonzero and join-irreducible. Let us identify
these elements arbitrarily with the elements in [n] =

{1, 2, . . . , n}. For an element a ∈ L, define the spectrum
of a by

ϕ(a) = {i ∈ [n] : i ≤ a} .

That is, ϕ(a) is the set of nonzero join-irreducible
elements that are below a in L. For the zero element 0 ∈
L we thus have ϕ(0) = ∅. Let us set ∨ϕ(a) = ∨i∈ϕ(a)i
for every nonzero a ∈ L and ∨ϕ(0) = 0.

When a is join-irreducible, clearly a = ∨ϕ(a). We
thus conclude by induction over rank that a = ∨ϕ(a)
holds for all a ∈ L. Consequently, for all a, b ∈ L we
have a ≤ b if and only if ϕ(a) ⊆ ϕ(b). Since [n] is
the image of the maximum element of L under ϕ, and
we have that ϕ(a ∧ b) = ϕ(a) ∩ ϕ(b) for all a, b ∈ L, we
conclude that the image L = ϕ(L) ⊆ 2[n] is intersection-
closed. We thus have:

Lemma 2.1. The spectrum map ϕ : L→ L is an order
isomorphism of (L,≤) onto (L,⊆). Moreover, L is
intersection-closed.

From Lemma 2.1 we have that Theorem 1.2 implies
Theorem 1.1.

2.2 Closure operators and intersection-closed
families. This section reviews a well-known equiva-
lence between closure operators and meet-closed subsets
of finite lattices. For our purposes it suffices to restrict
to the subset lattice (2[n],⊆), although the equivalence
holds more generally; cf. [11, §I.3.12].

A mapping ⊥ : 2[n] → 2[n] is a closure operator if
(i) for all A ⊆ [n] it holds that A ⊆ A⊥; (ii) for all
A,B ⊆ [n] it holds that A ⊆ B implies A⊥ ⊆ B⊥; and
(iii) for all A ⊆ [n] it holds that A⊥ = (A⊥)⊥.

Lemma 2.2. The image of a closure operator is an
intersection-closed set family. Conservely, if L ⊆ 2[n]

is intersection-closed, then there exists a unique closure
operator with image L.

Proof. Let ⊥ : 2[n] → 2[n] be a closure operator and let
L = {S⊥ : S ⊆ [n]} be its image. For all A ∈ L we
thus have A = S⊥ for at least one S ⊆ [n], and hence
by (iii) we conclude that A⊥ = (S⊥)⊥ = S⊥ = A holds
for all A ∈ L. By (i) we have [n] ⊆ [n]⊥ and hence
[n] = [n]⊥. Thus, [n] ∈ L. Let A,B ∈ L. By (i) we
have A ∩ B ⊆ (A ∩ B)⊥. From A ∩ B ⊆ A we have
(A∩B)⊥ ⊆ A⊥ = A by (ii). Similarly we conclude that
(A ∩ B)⊥ ⊆ B. Thus, (A ∩ B)⊥ ⊆ A ∩ B and hence
A ∩ B = (A ∩ B)⊥. In particular, A ∩ B ∈ L. We
conclude that L is intersection-closed.

Let L be intersection-closed and define ⊥ : 2[n] →
2[n] for all A ⊆ [n] by A⊥ =

⋂
{B ∈ L : A ⊆ B}.

In particular, A⊥ ∈ L because L is intersection-closed.
Properties (i), (ii), and (iii) are immediate. To establish



uniqueness, let ⊥1 and ⊥2 be closure operators with
image L. We show that S⊥1 = S⊥2 holds for all S ⊆ [n]
by induction over |S| = n, n− 1, . . . , 1. The base case is
established by [n] = [n]⊥1 = [n]⊥2 from (i). To establish
the inductive step, let S ⊆ [n]. If S⊥1 = S, we have
S ∈ L and hence there exists a T ⊆ [n] with T⊥2 = S.
Thus, by (iii) we have S = T⊥2 = (T⊥2)⊥2 = S⊥2 .
It follows that S⊥1 = S = S⊥2 . By symmetry thus
S⊥1 = S if and only if S⊥2 = S. By (i) it remains to
consider the case when S ( S⊥1 and S ( S⊥2 . From
S ( S⊥1 and (ii) we have S⊥2 ⊆ (S⊥1)⊥2 . Note that
|S| < |S⊥1 |. Thus, the induction hypothesis applies
to S⊥1 and we conclude (S⊥1)⊥2 = (S⊥1)⊥1 = S⊥1

by (iii). Thus, S⊥2 ⊆ S⊥1 and hence S⊥1 = S⊥2 by
symmetry.

For an intersection-closed L ⊆ 2[n] and A ⊆ [n], let
us call A⊥ the bottom of the elements above A in L.
(Indeed, A⊥ is the minimum of the elements in L that
contain A as a subset.)

Lemma 2.3. For all A,B ⊆ [n], we have (A ∪ B)⊥ =
(A⊥ ∪B)⊥.

Proof. By (i) we have A ⊆ A⊥ and hence A ∪ B ⊆
A⊥ ∪ B, which by (ii) implies (A ∪ B)⊥ ⊆ (A⊥ ∪ B)⊥.
From A ⊆ A ∪ B and (ii) we have A⊥ ⊆ (A ∪ B)⊥.
By (i) we have B ⊆ A ∪ B ⊆ (A ∪ B)⊥. Thus,
(A ∪ B)⊥ is an upper bound of A⊥ and B, and hence
A⊥ ∪ B ⊆ (A ∪ B)⊥. By (ii) and (iii) we thus have
(A⊥ ∪B)⊥ ⊆ ((A ∪B)⊥)⊥ = (A ∪B)⊥.

2.3 Complementary duality. Let us denote the
complement of A ⊆ [n] by Ā = [n]\A. From elementary
set theory we recall that

(2.4) A ∪B = Ā ∩ B̄

and that

(2.5) A ⊆ B if and only if B̄ ⊆ Ā .

For L ⊆ 2[n], define the complementary dual of L by
L̄ = {Ā : A ∈ L}. Observe that |L| = |L̄| and ¯̄L = L.

Recall that L is union-closed if ∅ ∈ L and for all
A,B ∈ L it holds that A ∪ B ∈ L. We observe that L

is union-closed if and only if L̄ is intersection-closed.

3 Proof of Theorem 1.2.

Let L ⊆ 2[n] be intersection-closed or union-closed.
Furthermore, suppose that L has size v = v(L) and
suppose that the number of covering pairs in (L,⊆) is
e = e(L).

It suffices to study arithmetic circuits for the follow-
ing two computational problems. Let K be a field and

let f : L → K. First, suppose that we are given L and
f as input. Our task is to output the zeta transform of
f on (L,⊆); that is, the function fζ : L → K defined
for all T ∈ L by fζ(T ) =

∑
S∈L:S⊆T f(S). Second,

suppose we are given L and fζ as input. Our task is to
output the Möbius transform of fζ on (L,⊆), that is,
to output f .

The proof will proceed in two steps. First, we
present two algorithms, one in the intersection-closed
case and one in the union-closed case, that construct
in time O(2nn) an arithmetic circuit of size O(vn)
for the zeta transform on (L,⊆). In §3.1 we review
preliminaries on ordered walks in (2[n],⊆). In §3.2 and
§3.3 we derive the recurrences for the zeta transforms on
(L,⊆), which we then develop into circuit construction
algorithms in §3.4 and §3.5. Second, we conclude the
proof in §3.6 by indicating the modifications required to
obtain the Möbius transforms. In §3.7 we indicate the
modifications required to obtain the dual zeta transform
and the dual Möbius transform.

3.1 Ordered walks and prefix equality. For sub-
sets A,B ⊆ [n], let us write A∆B = (A ∩ B̄) ∪ (B ∩ Ā)
for the symmetric difference of A and B.

For S, T ⊆ [n], the (ordered) walk from S to T in
2[n] is the sequence W0,W1, . . . ,Wn ⊆ [n] with S = W0,
T = Wn, and Wi−1∆Wi ⊆ {i} for all i ∈ [n]. Intuitively,
the walk transforms S to T in n steps, where step i
either inserts i, deletes i, or does nothing as appropriate.
In particular, the walk from S to T in 2[n] is unique.
(Note also that we may view the walk from S to T in
graph-theoretic terms as a walk in the n-dimensional
Boolean hypercube, with a loop attached to each vertex
to account for the steps i with Wi−1 = Wi.)

For S, T ⊆ [n] and i ∈ {0, 1, . . . , n}, let us write
S ≡i T as a shorthand for S ∩ [i] = T ∩ [i]. Intuitively,
S ≡i T indicates that S and T are identical in the first
i elements of [n].

Observe that the walk from S to T in 2[n] satisfies
Wi−1 ≡i−1 Wi for all i ∈ [n].

Lemma 3.1. A sequence W0,W1, . . . ,Wn ⊆ [n] satisfies
Wi−1 ≡i−1 Wi for all i ∈ [n] if and only if it satisfies
Wi ≡i Wn for all i ∈ [n].

Proof. It is immediate that ≡i is an equivalence relation
on 2[n] and that ≡i implies ≡j for all j ≤ i.

3.2 The bottom recurrence on an intersection-
closed family. In this section we assume that the
family L ⊆ 2[n] is intersection-closed.

Let us now assume that S, T ∈ L with S ⊆ T .
Consider the walk

W0,W1, . . . ,Wn ⊆ [n]



from S to T in 2[n]. Projecting the walk to L by taking
⊥ elementwise, we have

W⊥0 ,W
⊥
1 , . . . ,W

⊥
n ∈ L .

Observe that since S, T ∈ L, we have S = W0 = W⊥0
and T = Wn = W⊥n . In particular, we can recover
the original walk from the projection. Furthermore, the
following lemma shows that the length-i prefixes of the
original and projected walks agree.

Lemma 3.2. The walk from S to T in 2[n] with S ⊆ T
satisfies Wi ≡i W

⊥
i and W⊥i−1 ≡i−1 W

⊥
i for all i ∈ [n].

Proof. By Lemma 3.1, the walk W0,W1, . . . ,Wn from
S to T satisfies Wi ≡i Wn for all i ∈ [n]. From S ⊆ T
it follows that Wi ⊆ Wn for all i ∈ [n]. By intersecting
Wi ⊆ W⊥i ⊆ W⊥n = Wn with [i], we thus conclude that
Wi ≡i W

⊥
i and W⊥i ≡i W

⊥
n . By Lemma 3.1, the latter

conclusion is equivalent to W⊥i−1 ≡i−1 W
⊥
i .

Let us now give a definition for a walk from S ∈ L

to T ∈ L with S ⊆ T that does not rely on projections
and is intrinsic to L. We will then show that there
is a unique such walk, namely the one obtained by
projecting the walk from S to T in 2[n] to L using ⊥.
This result will then immediately yield our “bottom
recurrence” for computing the zeta transform on an
intersection-closed L.

For S, T ∈ L with S ⊆ T , a bottom walk from S
to T in L is a sequence B0, B1, . . . , Bn ∈ L with (i)
S = B0, (ii) T = Bn, (iii) for all i ∈ [n] it holds that
Bi−1 ≡i−1 Bi, and (iv) for all i ∈ [n] it holds that either
Bi−1 = Bi or both i /∈ Bi−1 and (Bi−1 ∪ {i})⊥ = Bi.

Lemma 3.3. Let S, T ∈ L with S ⊆ T and let

B0, B1, . . . , Bn ∈ L

be a bottom walk from S to T in L. Then, we have

Bi = W⊥i

for all i ∈ [n], where

W0,W1, . . . ,Wn ⊆ [n]

is the walk from S to T in 2[n]. In particular, the bottom
walk from S to T in L is unique.

Proof. From Lemma 3.1 we conclude that Bi ≡i Bn

and Wn ≡i Wi hold for all i ∈ [n]. Thus, because
Bi ≡i Bn = T = Wn ≡i Wi, we have

(3.6) i ∈Wi if and only if i ∈ Bi .

Let now show by induction on i that Bi = W⊥i . The
base case i = 0 is established by S = B0 = W0 = W⊥0 ,

where the last equality follows from S ∈ L. For i ≥ 1,
suppose that Bi−1 = W⊥i−1 holds. We must show that
Bi = W⊥i . There are two cases to consider.

First, suppose that Bi = Bi−1. From Wi−1∆Wi ⊆
{i} and Wi−1 ⊆ Wi we have that Wi = Wi−1 or
Wi = Wi−1 ∪ {i}. If Wi = Wi−1, we have

Bi = Bi−1 = W⊥i−1 = W⊥i .

If Wi = Wi−1∪{i}, we have i ∈Wi and hence i ∈ Bi by
(3.6). Thus, from Bi = Bi−1 it follows that i ∈ Bi−1.
Using Lemma 2.3 to establish the second last equality,
we thus conclude

Bi = Bi−1 = B⊥i−1 = (Bi−1 ∪ {i})⊥

= (W⊥i−1 ∪ {i})⊥ = (Wi−1 ∪ {i})⊥ = W⊥i .

Second, suppose that i /∈ Bi−1 and Bi = (Bi−1 ∪ {i})⊥.
We have i ∈ Bi and hence i ∈ Wi by (3.6). Thus, by
Lemma 2.3, we have

Bi = (Bi−1 ∪ {i})⊥ = (W⊥i−1 ∪ {i})⊥

= (Wi−1 ∪ {i})⊥ = W⊥i .

This completes the inductive step.

We remark that although a bottom walk is a chain
B0 ⊆ B1 ⊆ · · · ⊆ Bn in (L,⊆), it need not be a walk in
the Hasse diagram of (L,⊆). In particular, Bi need not
cover Bi−1 in (L,⊆).

The following “bottom recurrence” computes the
zeta transform on L by accumulating along bottom
walks in L. For S ∈ L, set b0(S) = f(S). For Z ∈ L

and i = 1, 2, . . . , n, then, the value bi(Y ) below is equal
to the sum of the values of f over the elements X ∈ L

for which both X ⊆ Y and the bottom walk from X to
Y arrives at Y in i or fewer steps. For all Y ∈ L and
i = 1, 2, . . . , n, we set

(3.7) bi(Y ) =


bi−1(Y ) if i /∈ Y ,
bi−1(Y ) +

∑
i/∈X∈L
X≡i−1Y

(X∪{i})⊥=Y

bi−1(X) if i ∈ Y .

Because bottom walks are unique by Lemma 3.3, we
have bn(T ) = fζ(T ) for all T ∈ L.

3.3 The dual recurrence on a union-closed fam-
ily. In this section we assume that the family L ⊆ 2[n]

is union-closed. Accordingly, by complementary dual-
ity, L̄ is intersection-closed. In particular, we can use
the existence of unique bottom walks in L̄ to derive a
dual recurrence for L.



Indeed, consider S, T ∈ L with S ⊆ T . Then,
S̄, T̄ ∈ L̄ with T̄ ⊆ S̄. Since L̄ is intersection-closed,
Lemma 3.3 implies that there is a unique bottom walk

T̄ = B̄0 ⊆ B̄1 ⊆ · · · ⊆ B̄n = S̄

from T̄ to S̄ in L̄. We can thus traverse this walk in the
reverse direction from S̄ to T̄ in L̄ to accumulate the
zeta transform from S to T in L. That is, in L we start
from S and walk to T along

S = Bn ⊆ Bn−1 ⊆ · · · ⊆ B0 = T .

Accordingly, the base case of the following dual
recurrence is at i = n and we work over decreasing
i = n, n− 1, . . . , 1, 0. Set b̄n(S) = f(S) for all S ∈ L.

For all i = n, n− 1, . . . , 1 and Y ∈ L, we set

(3.8) b̄i−1(Y ) =


b̄i(Y ) if i /∈ Y ,
b̄i(Y ) +

∑
i/∈X∈L
Y≡i−1X

(Ȳ ∪{i})⊥=X̄

b̄i(X) if i ∈ Y .

Here ⊥ refers to the closure operator that corresponds
to L̄. Because bottom walks are unique by Lemma 3.3,
we have b̄0(T ) = fζ(T ) for all T ∈ L.

We remark that the sum over X in (3.8) has at most
one term; indeed, Y determines X by (Ȳ ∪ {i})⊥ = X̄.
We remark also that this is not the case for the sum
over X in (3.7), which may have more than one term.

3.4 From the bottom recurrence to a circuit.
In this section we assume that L is intersection-closed.
From the bottom recurrence (3.7), we can construct
a circuit for the zeta transform on L by proceeding
levelwise with increasing i = 1, 2, . . . , n. It will be
convenient to work with “pointers” bi(Y ) that point to
gates in the circuit being constructed.

To initialize the construction, start with an empty
circuit. For each Y ∈ L, introduce one input gate and
set the pointer b0(Y ) to point to this gate. Next, iterate
over i = 1, 2, . . . , n. Assume that the pointers bi−1(Y )
for Y ∈ L point to existing gates. First, set bi(Y ) to
point to the gate pointed by bi−1(Y ) for each Y ∈ L.
(Note that more than one pointer may point to the same
gate.) Iterate over the X ∈ L for which i /∈ X holds.
Compute the set Y = (X ∪ {i})⊥. If X ≡i−1 Y holds,
then introduce a new addition gate g whose inputs are
the gates pointed by bi−1(X) and bi(Y ), and finally
set bi(Y ) to point to g. When the iteration over X
terminates, for each Y ∈ L it holds that the gate pointed
by bi(Y ) evaluates to (3.8). Proceed to consider the next
value i.

Because each X ∈ L is considered at most once for
each i = 1, 2, . . . , n, and L has size v, the constructed
circuit has O(vn) gates.

The bottom A⊥ for every subset A ⊆ [n] can be
found using the recurrence

(3.9) A⊥ =

{
A if A ∈ L,⋂

i∈[n]\A(A ∪ {i})⊥ if A /∈ L.

A direct implementation of (3.9) requires O(2nn) pair-
wise intersection operations of O(n)-element sets. We
observe that faster computation is possible by exploit-
ing the fact that the intersection of the sets (A∪{i})⊥ is
– because L is intersection-closed – equal to the small-
est one of these sets; this requires only O(2nn) pairwise
comparisons of O(log n)-bit integers, which in the as-
sumed model of computation takes time O(2nn).

If X ≡i−1 Y is tested näıvely in time O(n), the
overall running time becomes O(2nn2). To reduce the
running time to O(2nn), we observe thatX∪{i} ≡i−1 X
and Y = (X ∪ {i})⊥ hold always. Thus, it suffices to
precompute the tests Y ≡i−1 Y

⊥ for every possible pair
(Y, i), as follows. Fix Y ⊆ [n], and hence D = Y ⊥.
Then compute the predicate Y ≡i−1 D iteratively for
i = 1, 2, . . . , n by relying on the fact that the predicate
factors into the product of the predicates Y ∩ {j} =
D ∩ {j} for j = 1, 2, . . . , i− 1.

We conclude that there is an algorithm that, given
an intersection-closed family L ⊆ 2[n] with |L| = v as
input, in time O(2nn) constructs an arithmetic circuit
of size O(vn) for the zeta transform on L.

3.5 From the dual recurrence to a circuit. In
this section we assume that L is union-closed. Accord-
ingly L̄ is intersection-closed, and ⊥ refers to the closure
operator that corresponds to L̄.

From the dual recurrence (3.8), we can construct
a circuit for the zeta transform on L by proceeding
levelwise with decreasing i = n, n− 1, . . . , 1.

To initialize the construction, start with an empty
circuit. For each Y ∈ L, introduce one input gate and
set the pointer b̄n(Y ) to point to this gate. Next, iterate
over i = n, n− 1, . . . , 1. Assume that the pointers b̄i(Y )
for Y ∈ L point to existing gates. First, set b̄i−1(Y )
to point to the gate pointed by b̄i(Y ) for each Y ∈ L.
Iterate over the Y ∈ L for which i ∈ Y holds. Compute
the set X̄ = (Ȳ ∪ {i})⊥ and take its complement to
obtain the set X. If X ≡i−1 Y holds, then introduce a
new addition gate g whose inputs are the gates pointed
by b̄i(X) and b̄i−1(Y ), and finally set b̄i−1(Y ) to point to
g. When the iteration over Y terminates, for each Y ∈ L

it holds that the gate pointed by b̄i−1(Y ) evaluates to
(3.7). Proceed to consider the next value i.

Because each Y ∈ L is considered at most once for
each i = n, n−1, . . . , 1, and L has size v, the constructed
circuit has O(vn) gates.



We can compute ⊥ in time O(2nn) using the
techniques in §3.4 for the intersection-closed L̄. To test
Y ≡i−1 X, or equivalently, Ȳ ≡i−1 X̄ in time O(2nn),
we proceed as in §3.4 after observing that Ȳ ∪{i} ≡i−1 Ȳ
and X̄ = (Ȳ ∪ {i})⊥ hold always. We conclude that
there is an algorithm that, given an union-closed family
L of v subsets of [n] as input, constructs an arithmetic
circuit of size O(vn) for the zeta transform on L in time
O(2nn).

3.6 The Möbius transform. This section shows
that the Möbius transform on L admits fast evaluation
over intersection-closed or union-closed L.

For an intersection-closed L, we reverse the bottom
recurrence (3.7). Put otherwise, our input is bn = fζ
and the task is to compute b0 = f . We accomplish this
by rearranging (3.7) so that

(3.10) bi−1(Y ) =


bi(Y ) if i /∈ Y ,
bi(Y )−

∑
i/∈X∈L
Y≡i−1X

(X∪{i})⊥=Y

bi−1(X) if i ∈ Y ,

which enables us to recover, for i = n, n − 1, . . . , 1 and
in order of increasing size |Y | for each Y ∈ L in turn,
the value bi−1(Y ) from the values bi(Y ) and the values
bi−1(X) for X ∈ L with |X| < |Y |. Indeed, observe
that |X| < |X ∪ {i}| ≤ |(X ∪ {i})⊥| = |Y |.

For a union-closed L, we reverse the dual recurrence
(3.8) analogously. Our input is b̄0 = fζ and the task is
to compute b̄n = f . Rearranging the recurrence, we
obtain

(3.11) b̄i(Y ) =


b̄i−1(Y ) if i /∈ Y ,
b̄i−1(Y )−

∑
i/∈X∈L
X≡i−1Y

(Ȳ ∪{i})⊥=X̄

b̄i(X) if i ∈ Y ,

which enables us to recover, for i = 1, 2, . . . , n and in
order of increasing size |Y | for each Y ∈ L in turn,
the value b̄i−1(Y ) from the values b̄i(Y ) and the values
b̄i(X) for X ∈ L with |X| < |Y |. Indeed, observe that
|X| = n − |X̄| = n − |(Ȳ ∪ {i})⊥| ≤ n − |Ȳ ∪ {i}| =
|Y \ {i}| < |Y |.

It is straightforward to translate the reverse recur-
rences (3.10) and (3.11) into circuits of size O(vn) in
time O(2nn) by the techniques in §3.4 and §3.5.

3.7 The dual transforms. We proceed by comple-
mentary duality. Let L ⊆ 2[n] and and f : L → K be
given as input. For the dual zeta transform ζ ′, we must
compute fζ ′(T ) =

∑
S∈L:T⊆S f(S) for all T ∈ L. De-

fine f ′ : L̄ → K for all S̄ ∈ L̄ by setting f ′(S̄) = f(S).

For all T ∈ L we thus have fζ ′(T ) =
∑

S∈L:T⊆S f(S) =∑
S∈L:S̄⊆T̄ f(S) =

∑
S̄∈L̄:S̄⊆T̄ f

′(S̄) = f ′ζ(T̄ ). In par-
ticular, given an intersection-closed (respectively, union-
closed) L and f : L→ K as input, we obtain the desired
circuit for the dual transform by applying Theorem 1.2
to construct the zeta circuit for the union-closed (re-
spectively, intersection-closed) L̄ and f ′ : L̄ → K. Be-
cause the Möbius transform is the inverse of the zeta
transform, a similar construction applies.

4 Proof of Theorem 1.3.

Let L ⊆ 2[n] be the embedding of L. In particular, L
is intersection-closed. We observe that the assumption
in Theorem 1.3 is equivalent to the assumption that for
all X ∈ L and all i ∈ X̄ it holds that (X ∪ {i})⊥ covers
X in (L,⊆).

Let us return to the circuit construction algorithm
in §3.4. During the construction, each addition gate
introduced to the circuit results from a specific pair
Y,X ∈ L and a value i ∈ Y \ X such that both
Y = (X ∪ {i})⊥ and Y ≡i−1 X. From i ∈ Y \ X
and Y = (X ∪ {i})⊥ it follows by assumption that the
pair (Y,X) is a covering pair of (L,⊆), and hence the
image of a covering pair of (L,≤). The following lemma
shows that at most one addition gate gets introduced
for each such pair (Y,X). Thus, we conclude that the
circuit has size O(e).

Lemma 4.1. For all Y,X ⊆ [n] there is at most one
i ∈ Y \X such that Y ≡i−1 X.

Proof. If Y \X is nonempty, we must have i = minY \X.

To establish the dual version of the theorem, let
L̄ be the embedding of L. In particular, L is union-
closed. The assumption in Theorem 1.3 is equivalent to
the assumption that for all Ȳ ∈ L̄ and all i ∈ Y it holds
that (Ȳ ∪ {i})⊥ covers Ȳ in (L̄,⊆).

Let us return to the dual circuit construction al-
gorithm in §3.5. Each addition gate introduced to the
circuit results from a specific pair Y,X ∈ L and a value
i ∈ Y \X such that both X̄ = (Ȳ ∪{i})⊥ and Y ≡i−1 X.
From i ∈ Y \X and X̄ = (Ȳ ∪{i})⊥ it follows by assump-
tion that the pair (X̄, Ȳ ) is a covering pair of (L̄,⊆),
and hence the image of a covering pair of (L,≤). From
Lemma 4.1 we conclude that at most one addition gate
gets introduced for each such pair (X̄, Ȳ ). Thus, also
the dual circuit has size O(e).

In both cases similar reasoning gives an O(e) bound
for the circuit that computes the Möbius transform.
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